A numerical analysis study using the finite element method has been carried out to investigate the design sensitivity of thin torispherical end pressure vessels. A detailed dimensional survey of a number of thin full-size production-quality torispherical ends has shown that actual dimensions may differ significantly from nominal dimensions. The sensitivity of the end stresses to particular forms of shape imperfections were analysed numerically and compared with those in the corresponding 'perfect' end which are presented
here in more detail. The effect of these shape imperfections on buckling pressure is also investigated. The buckling pressure and stresses in a series of torispherical ends are evaluated to show the effect of variation of shape parameters in these ends. It is also shown that, for stainless steel ends, small displacement analysis agrees much better with the experimental results than do those given by the large displacement analysis. Tafreshi, A. Apr. 1997 In : International Journal of Pressure Vessels and Piping. 71, 1, p. 77-88 12 
INTRODUCTION
In a study by Tafreshi and Thorpe [1] the effect of shape and thickness imperfections on stress levels were investigated. Finite element models of thin-walled cylindrical pressure vessels with torispherical ends were developed in order to assess the effects of thickness and curvature variations on the peak stresses. With imperfections found in typical manufacturing procedures, stresses were shown to differ by a significant amount from those to be expected in perfectly formed vessels. The greatest changes were due to curvature variations, but the effects of thickness variations were also significant. However, the results of the work may provide information for a fatigue assessment analysis in predicting the actual stress values in the end. Tafreshi, A. Apr. 1997 In : International Journal of Pressure Vessels and Piping. 71, 1, p. 77-88 12 p.
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At sufficiently high yield stresses of the material, very thin shells are liable to loss of elastic stability. Stability problems of torispherical shells subjected to internal pressure were first studied by Mescall [2] . Soric [3] investigated the influence of geometric imperfections on the pre-and post-buckling behaviour of a thin torispherical shell subjected to internal pressure.
Wunderlich et al. [4] studied the buckling behaviour and imperfection sensitivity of torispherical end closures under external pressure. Galletly [5] considered the buckling of fabricated torispherical shells, in which some simple approximate equations were used for predicting the buckling pressures of internally pressurised perfect torispherical ends.
In the present work, the finite element method (FEM) has been employed to investigate the effect of variation of shape parameters on critical buckling pressure and maximum stress of thin torispherical pressure vessels with perfect ends. The effect of manufacturing shape imperfections, such as thickness and curvature variations, on stresses and buckling pressure is also investigated. The results are compared with the corresponding experimental results [6, 7] .
TORISPHERICAL END PRESSURE VESSELS
The end closures of pressurised cylinders are usually of torispherical type and sometimes hemispherical or ellipsoidal. Figure 1 Geometrically an end is completely defined by the thickness parameter (t/D) and any other two shape parameters (r/D, R/D or h/D). The relation between these shape parameters is as follows: Tafreshi, A. Apr. 1997 In : International Journal of Pressure Vessels and Piping. 71, 1, p. 77-88 12 p.
and the angle ( ) subtended by the knuckle arc at the centre of meridional curvature can be obtained by the following equation
These ends can be manufactured by various techniques, 'hot pressing', 'pressed and spun' and 'crown and segment'. More details on these techniques of manufacture may be found in Galletly and Moffat. The ends considered in this study are of 'pressed and spun' type, which are usually called 'spun' ends only.
The results of a detailed survey of the variations in crown curvature, knuckle curvature and thickness of 17 nominally torispherical pressure vessel ends were presented and discussed by Stanley and Campbell [9] . Six of the ends were of the 'crown and segment' construction; 11
were 'pressed and spun'. Table 1 shows the nominal dimensions of the 'pressed and spun' ends. To aid comparisons, the end numbers in Table 1 correspond to those of Stanley and Campbell [9] . It was shown that the crown curvature can increase locally to twice the nominal value, or more, and (again locally) can fall to zero or become negative. The knuckle Tafreshi, A. Apr. 1997 In : International Journal of Pressure Vessels and Piping. 71, 1, p. 77-88 12 p. In order to calculate the real ends a FORTRAN computer program [1] was developed to read in the curvatures at a series of points on the ends and calculate their coordinates assuming there is a circular arc of the given curvature between any two adjacent points. For the best accuracy the chosen points were closely spaced. To maximize smoothness and prevent shape oscillation, spline fitting was used through the points [10, 11] . Ends 4, 8 and 16, with three different cylinder diameters, are selected for detail presentation. Ends 4 and 8 have the smallest and largest diameters, respectively. Figure 6 shows to scale the shapes of these ends with the curvature imperfections indicated in Figs 2 and 4, and also comparable perfect geometries. For the ends with shape imperfections ABAQUS allows shell thicknesses to be specified at the nodes. This option simplifies the definition of non-constant shell thicknesses such as those found in composites, injection moulded components and pressure vessels. This way the real ends with thickness imperfections and curvature variations, as discussed above, were modelled. It should be mentioned that only imperfections in the meridional plane are considered and circumferential imperfection is ignored, so the models are assumed to be axisymmetric.
NUMERICAL ANALYSIS USING THE FINITE ELEMENT METHOD
In the steel pressure vessels analysed by Tafreshi and Thorpe [1] best agreement with experimental results [6, 7] was obtained by assuming geometric linearity. This contrasted Tafreshi, A. Apr. 1997 In : International Journal of Pressure Vessels and Piping. 71, 1, p. 77-88 12 p. 7 with the findings of Galletly and Moffat [8] who obtained better agreement by including geometric nonlinearities for aluminium pressure vessels. This is because of considerable difference in Young's modulus values between steel and aluminium, giving rise to smaller displacements in steel vessels. However, the higher stress values result from linear analysis so in order for the data to be more conservative, for the models analysed in the present work geometric linearity is assumed. Figure 8 shows inner surface meridional and outer surface circumferential stress indices for end 4, considering linear and non-linear geometry for axisymmetric shell elements. It can be seen that the peak stresses are closer to the experimental results when geometric linearity is assumed.
In general, shell buckling analysis requires eigenvalue analysis to obtain estimates of the buckling mode and pressure. Assuming the response in the ends are elastic up to the estimated buckling pressure, by eigenvalue extraction [13] the elastic buckling pressure can be estimated. This assumption is typically useful for "stiff" structures, where the prebuckling response is almost linear. Figure 9 shows a typical plot of the first buckling mode of a torispherical end, which usually is the most critical one. It is assumed that the buckling mode is axi-symmetric. It can be seen that the maximum displacements occur at the pole. In general, critical buckling pressure can be reduced in the presence of shape imperfections.
When no measured data concerning shape imperfections are available, imperfection sensitivity analysis may be carried out by assuming an imperfection in the original geometry of the ends, in the shape of buckling mode, and studying the effect of the magnitude of that imperfection on displacement response.
RESULTS
Columns 2 and 3 of Table 2 show the peak outer surface circumferential ( Oc I ) and inner surface meridional stress indices ( im I ) for the ends of Table 1 with perfect geometries for the knuckle and crown calculated using FEM. These are normalized by the nominal circumferential stress in the cylinder. These stress indices could be compared with those experimental results [6] [7] shown in columns 7 and 8 of Table 2 . General speaking, Oc I indices obtained experimentally are higher than numerical values with perfect ends.
Except for ends 5 and 12, for which the differences between Oc I values are within 0.1 and 6%, for the rest of the models are within +21 and +48%. For im I values the differences are within -24 and +26%.
Column 4 of Table 2 shows the critical buckling pressures of perfect ends of Table 1 obtained using the FEM. Column 9 of Table 2 shows the corresponding critical buckling pressures obtained experimentally [6, 7] . The differences between numerical and those corresponding experimental values are within -29 and +32%, but in end 16 the difference is only -5%.
Galletly [5] used simple approximate equations to predict the critical buckling pressures of perfect ends of Table 1 . In general, the predicted buckling pressures were 22-72% smaller than the experimental results [6] [7] , except for end 8 which the difference is only 3%. Table 3 shows the peak stress indices and buckling pressures of a series of torispherical pressure vessels with perfect ends obtained using the FEM. For these ends the nominal cylinder diameter is 54 in (1371.6 mm). The cylinder and end thickness parameters are t c /D = 0.00193 and t e /D = 0.00237. The knuckle radius parameter (r/D) varies from 0.04 to 0.111 while crown radius parameter (R/D) varies from 0.722 to 1.0. The results of Table 3 are plotted in Figs 10-12. Figures 10 and 11 show the variation of inner meridional stress index ( im I ) with respect to knuckle radius (r/D) and crown radius (R/D), respectively. It can be seen that the higher knuckle radius is the lower stress index and vice versa. For a constant value of knuckle radius, the higher the crown radius is, the higher is the stress index. Figure 12 shows the effect of knuckle and crown radii on critical buckling pressure. This plot shows that for a constant value of crown radius the critical buckling pressure is independent of knuckle radius.
For a constant value of knuckle radius, the higher the crown radius the lower the critical pressure.
For the distribution of circumferential and meridional stress indices of the inner and outer surfaces of the perfect end 3 refer to Stanley and Campbell [9] . Four different cases of end 3
were considered: (a) perfect end; (b) thickness variations of perfect profile; (c) curvature variations in end of uniform thickness; and (d) end with curvature and thickness variations.
The indications of that study was that discrepancies in curvature have a considerably greater effect on stress levels than variations in thickness.
Columns 5 and 6 of Table 2 show the FE results [9] Fig. 6 the trend of the real 8 profile is different to ends 4 and 16. Perhaps this is the Tafreshi, A. Apr. 1997 In : International Journal of Pressure Vessels and Piping. 71, 1, p. 77-88 12 p.
10 reason for lower stresses in real end 8.
In Stanley and Campbell [6] the measured pole of end 9 is represented vs pressure. It is shown that in spite of the significant strain nonlinearities developed at lower pressures at some positions, the variation of deflection with pressure was practically linear up to the first buckling pressure. Fig. 16 shows pressure vs pole deflection and circumferential growth in cylinder for perfect and real ends 4, which is obtained numerically. It is assumed that the displacement response is linear up to the critical buckling pressure. It can be seen that for the same value of pressure the pole deflection is higher in the real end that the perfect end. The cylindrical growth is almost identical for the real and perfect ends.
CONCLUSIONS
Finite element models of thin walled cylindrical pressure vessels with torispherical ends have been developed in order to assess the effects of shape parameters on the peak stresses and critical buckling pressures. Eigenvalue analysis has been carried out to obtain estimates of the buckling pressures and modes, assuming the pre-buckling response is almost linear which is typical of stiff structures. Following the eigenvalue prediction, load-displacement analysis of the structure was carried out on perfect ends and ends with manufacturing shape imperfections to investigate imperfection sensitivity. It is clear that there is a distinction between the real and nominal dimensions of pressure vessel parts. It is understood that where these departures are exceeded the resulting effects on vessel stresses or stability will generally be significant. Finite element models of ends considering curvature and thickness imperfection were analysed and stresses were compared with the results of perfect ends and corresponding experimental results. It was shown that profile errors that are not immediately apparent nevertheless result in significant stress differences from design values. The
